Abstract: We find new closed string couplings on Dp-branes for the bosonic string. These couplings are quadratic in derivatives and therefore take the form of induced kinetic terms on the brane. For the graviton in particular we find the induced Einstein-Hilbert term as well as terms quadratic in the second fundamental tensor. We comment on tachyon dependences of these brane-localized couplings.
Introduction
D-branes have played a prominent role in string theory since the realization that they are the carriers of Ramond-Ramond (or RR) charge arising in the superstring. They are described in the sigma-model context by submanifolds where open strings end. From the spacetime point of view, and at low energies compared to the string scale, they are submanifolds on which massless fields propagate and interact with the bulk, or closed string, fields. To leading order in an α ′ expansion with respect to the closed string fields (to zeroth order in derivatives on the closed string fields) the low energy effective action governing the D-brane -bulk interactions for a single brane is known to be described by the Born-Infeld action plus Wess-Zumino terms.
A natural question to ask is what are the next order corrections to the Born-Infeld low energy effective action. These corrections are quadratic in derivatives acting on the closed string fields. Such terms would consist of kinetic-like terms for the pull-backs of the closed string fields to the brane. For example there could be an Einstein-Hilbert term for the pullback of the metric or the square of the field strength for the pullback of the NS-NS two-form field. Actually though there are many other possible terms as well, eg., the square of the second fundamental term (a generalization of the extrinsic curvature for codimension > 1 branes). It is known, for example, that a single BPS D-brane in Type II string theory does not have such terms for the metric [1] . This is easy to see from the string scattering amplitudes evaluated in [2] for scattering a graviton off a D-brane. The point is simply that these amplitudes have no quadratic dependence on the momenta. The field theory terms that we are looking for however contribute to the graviton-graviton amplitude at quadratic order, and they are the only terms to contribute at this order, so one concludes that they cannot be in the low energy effective action.
Our purpose here is to show that this argument no longer holds for the D-branes appearing in the bosonic string. Specifically we show that kinetic-like terms for the massless closed string fields are required in the D-brane low energy effective action in order to reproduce the string scattering amplitudes. This includes in particular the Einstein-Hilbert term for the induced metric on the brane, as well as kinetic terms for the pullbacks of the antisymmetric tensor and dilaton.
Interest in the induced Einstein-Hilbert term has appeared recently in the work of [3] . Specifically it was argued in [3] that such a term would give rise to a gravitational interaction between matter on the brane that goes like 1/r p−2 for a p-dimensional brane as opposed to the naive expectation of 1/r D−3 for a D dimensional spacetime due to the bulk gravitational force. This argument presupposes that the brane is infinitely thin. It was further argued however [4] that a brane with finite thickness would also exhibit the 1/r p−2 gravitational potential on the brane up to some crossover point, and that only for larger separations would the potential become 1/r D−3 . The outline of the paper is as follows. In section 2 we discuss the tree level string amplitude computation corresponding to scattering a massless closed string field off a bosonic Dp-brane. In section 3 we find the terms needed (in addition to the BornInfeld action) in the low energy effective action to reproduce these string amplitudes. In particular we find that terms quadratic in derivatives acting on the closed string fields are necessary. In section 4 we discuss ambiguities in our brane terms arising from the freedom in making field redefinitions. In section 5 we discuss the corrections these terms make to the graviton propagator, and connections with the work of [3] . In section 6, we comment on couplings to the open-string tachyon following [5, 6] .
String scattering amplitudes
In this section we compute the tree level bosonic string scattering amplitude associ-ated with scattering a massless closed string excitation off a Dp-brane. The tree level computation involves computing correlators of pairs of closed string fields on the disk.
Recall that a Dp-brane is defined in the sigma-model context as a (p + 1)-dimensional submanifold where open strings end, eg., for a p-brane localized in the x p+1 , ..., x D directions the open string endpoints satisfy
where D = 26 for the bosonic string. The two-point correlator of string coordinates X µ (z,z) for such boundary conditions on the disk is given by The fields that we shall be interested in are the graviton, antisymmetric tensor, and dilaton. The vertex operators for these fields are all described by (splitting the string coordinates into holomorphic and antiholomorphic pieces as
where the colons denote separate normal ordering for the left and right moving fields. On shell the momentum and polarization tensor satisfy the massless and transverse conditions, k 2 = 0 = k µ ǫ µν , as well as the following conditions for the respective vertex operators:
The amplitude associated with scattering any one of these closed string fields off a Dp-brane (or converting one of these fields into a possibly different field) is given by 5) where g c is the closed string coupling constant, λ the dilaton vev, and the c's are the ghost fields arising from fixing the SL(2, R) symmetry of the disk. The ghost correlator, which provides the necessary gauge fixing measure, is straightforward to evaluate on the disk and is given by
is a functional determinant whose value (times some other factors and functional determinants) will be fixed by comparing to the Born-Infeld low energy effective action.
The remaining piece of the integrand (2.5) to be evaluated is the correlator of massless closed string vertex operators. The computation is straightforward but tedious and we find
where
is a functional determinant and the coefficients are given by
Our notation is such that all indices are contracted with the Minkowski metric η µν , eg.
The scattering amplitude of massless closed string excitations is now straightforward to evaluate. One simply substitutes the ghost (2.6) and matter (2.7) correlators into the amplitude (2.5) and makes the change of variables
The resulting integrals are then just beta functions. In detail one finds
where we have recorded both the exact expression for the amplitude and the expansion 1 to quadratic order in momenta in terms of the t-channel momentum transfer 2 to the brane defined as t = −2k 1 k 2 and the s-channel momentum along the brane defined as
will be fixed below by comparing to the field theory limit.
Comparing to the field theory limit
Given the string scattering amplitudes computed in the last section, we would now like 1 The (α ′ ) 0 part of this expression arises from the usual Born-Infeld action, and so should match the analogous expression from the Type II superstring [2] . Our expression corrects errors in [2] that are nontrivial for antisymmetric tensor scattering. We thank Stefan Theisen and Sebastian Uhlmann for a discussion of this point. 2 We take α ′ = 2 for the remainder of this paper, except when it is restored explicitly.
to find the low energy effective action for the Dp-brane that reproduces them. For the massless closed string excitations this is well known to leading order, O((α ′ ) 0 ), namely the Born-Infeld action. In Einstein frame this is given by
where the induced metric and antisymmetric tensor on the brane are defined bỹ
and we have defined γ = −4/(D − 2). Our primary interest is to find the field theory terms that reproduce the O(α ′ ) terms in the string scattering amplitude. Before discussing that calculation however we shall highlight the analogous O((α ′ ) 0 ) calculation as a warm-up exercise and to develop some notation.
Graviton scattering at
Here we sketch the comparison of the string ampli- tude for scattering a graviton off a Dp-brane to the field theory amplitude at leading order in α ′ . Aside from the brane action (3.1) we shall also need parts of the bulk low energy effective action for the massless closed string excitations. In Einstein frame to zeroth order in α ′ this is given by
where our conventions for the Riemann tensor, etc. are
We now have all the ingredients to check that the Born-Infeld action (3.1) correctly reproduces the string amplitude for scattering of a graviton off a Dp-brane to leading order in α ′ . The relevant field theory diagrams for this process are displayed in figures 1-4. There is a t-channel contribution, figure 1, coming from the three point graviton vertex of R in the bulk action (3.3), as well as a three point vertex involving the dilaton, figure 2 , an s-channel contribution, figure 3, coming from the exchange of massless open string fields on the brane, and a contact contribution, figure 4, also coming from the Born-Infeld action (3.1).
To see this in more detail we note first that to com- pare to the string theory amplitude we must expand the bulk (3.3) and brane (3.1) actions about Minkowski space. Furthermore we also redefine the remaining massless closed string fields so as to obtain canonically normalized kinetic terms as
For the bulk action this leads to the usual momentum space propagators for the graviton and dilaton,
where we are working in the de Donder gauge, ∂ M H M N − (1/2)∂ N H = 0, to find the graviton propagator. The three point bulk vertices following from (3.3) are similarly straightforward to write down. The only one that we shall need for graviton scattering is the three point graviton vertex coming from the EinsteinHilbert term. This can be found in eg. [7] .
Expansion of the Born-Infeld action requires a few steps. First we fix the worldvolume diffeomorphism invariance by working in static gauge X a = σ a . The induced metric, for example, expanded about flat space, then becomes
Next we expand the square root and determinant in (3.1) about the induced flat metric appearing in (3.7) . The massless open string fields are furthermore redefined (assuming that the brane is located at X i = 0) as 8) in order to have canonically normalized kinetic terms. Finally we note that the closed string fields evaluated on the brane are functions of the brane coordinate X i and should be Taylor expanded about the background configuration X i = 0. The net result is the expansion of the Born-Infeld action to quadratic order in fluctuations:
The momentum space λ i and a a propagators following from this action (working in Lorentz gauge ∂ a a a = 0 for the vector) are
Now it is a simple matter to evaluate the amplitudes associated with the Feynman diagrams pictured in figures 1-4. The t-channel, s-channel, and contact term contributions are given respectively by
Summing up these amplitudes one can show after some rearranging that this indeed agrees with the string amplitude (2.10) to zeroth order in α ′ if one makes the identification
gravitongraviton scattering with D-brane coordinate internal leg.
Now we would like to construct the piece of the low energy effective action that accounts for the O(α ′ ) part of the string amplitude for scattering a graviton from a Dp-brane. The computation is exactly analogous to that presented in the previous section for the O((α ′ )) terms. There will be t-channel, s-channel, and contact term contributions represented by the Feynman diagrams of figures 1-4. The t-channel contributions come from terms in the effective action that are already known, so we begin with these.
The t-channel contributions at quadratic order in the momenta come from bulk 3-point vertices which are quartic in derivatives and contain either three gravitons or two gravitons and a dilaton (since only the graviton and dilaton have tadpoles on the brane). Such terms have already been worked out in [8, 9] and are given by
Actually only the coefficient of the square of the Riemann tensor is fixed by the string S-matrix, while the coefficients of the Ricci squared terms are arbitrary. They can be fixed by a local field redefinition (which leaves the perturbative S-matrix invariant) to the values given above. The above choice, corresponding to the Gauss-Bonnet combination, however is very convenient because the quadratic term in H M N appearing in it's expansion is a total derivative, and therefore there is no graviton propagator correction arising from this combination. For a detailed discussion of the ambiguities in the string effective action see [10, 9, 11] . Given this choice for the higher derivative terms in (3.13) we compute the t-channel amplitudes for graviton or dilaton exchange. The net result is given by
This amplitude by itself already provides a check on our calculations. The only way in which to get terms proportional to 1/t is via such t-channel amplitudes. Since the overall coefficient of the string amplitude (2.9) was already fixed in (3.12) we see that all the 1/t terms in the above amplitude give us non-trivial consistency checks, which fortunately work out. For the s-channel and contact term contributions we need to work a little bit harder. The Born-Infeld action clearly cannot account for these terms by itself (that is, it cannot account for the remaining terms in the string amplitude) because it gives no contribution to graviton scattering at O(α ′ ). Therefore we are forced to add new terms to the brane action. The possible terms that can contribute to the amplitude at O(α ′ ) come in three forms: (1) linear in H M N and quadratic in derivatives, (2) linear in both H M N and X P and cubic in derivatives, and (3) quadratic in both H M N and derivatives, all constrained of course by the symmetry requirement of diffeomorphism invariance. A term of type (1) will necessarily give rise to a term of type (2) upon expanding about the background brane configuration, but not vice versa. (1) and (2) give rise to s-channel contributions and (3) to contact term contributions. The most obvious term to add is the induced Ricci scalar on the brane; however, there are in fact five possible terms which satisfy this criterion. In terms of the brane action they are given by
where some explanation is required. We use˜'s to denote induced quantities, so eg.R is the Ricci scalar computed from the induced metricG ab . K i ab is the second fundamental form whose definition and explicit expansion we give in the appendix. The key point at the moment is that it contains terms linear in derivatives and linear in the graviton. The remaining terms are transverse projections of the bulk Riemann tensor evaluated on the brane. The projector ⊥ M N is defined in terms of the induced metric as
These are the only 3 possible terms consistent with diffeomorphism invariance (both bulk and worldbrane) and our constraint that they contribute to the contact term amplitudes at this order. Now we fix the coefficients in (3.15) by computing all s-channel and contact term diagrams from the brane (3.1,3.15) action and comparing to the string amplitude. Note that while the Born-Infeld action by itself does not contribute to the scattering amplitude at this order, it will contribute to the s-channel diagrams when combined with (3.15). Specifically the λ∂H type terms from (3.9) combine with the ∂ 2 λ∂H type terms from the expansion of the second fundamental form terms in (3.15). A lengthy calculation of the amplitudes corresponding to the diagrams displayed in figures 1-4, leads to a lengthy expression for the sum of the s-channel and contact term contributions at O(α ′ ). The upshot is that in comparing the entire field theory amplitude (including the t-channel contribution as well) with the string amplitude leads to 19 equations (not including the trivial equations following from the 1 ↔ 2 exchange symmetry of the amplitude) for the 5 coefficients. This obviously fixes the coefficients and gives many consistency checks, all of which work out fortunately. In the end we find that the coefficients are given by
(3.18)
Dilaton and Antisymmetric Tensor scattering
The analysis for the dilaton and antisymmetric tensor is completely analogous. The leading order analysis in particular just amounts to checking that the Born-Infeld correctly reproduces the string scattering amplitudes to zeroth order in α ′ . At O(α ′ ) we need to add new terms to the brane action, just as for the graviton, in order to account for the string amplitude. For the dilaton the analysis is somewhat simplified in that there is no field theory t-channel contribution at this order as there is no bulk vertex which is quartic in derivatives and either cubic in φ's or quadratic in φ's and linear in the graviton, as was shown 4 in [11] . The possible terms that one could add to the brane action which are quadratic in derivatives are given by
Note that the relative coefficient between the two γ 1 terms is fixed because an undifferentiated Φ can only appear in the action through the expansion of an exponential. In particular in the string frame the brane action corresponding to tree level string processes is of the form e −Φ L(G, B, ∇Φ, ...). Transforming to Einstein frame one gets an overall factor of exp(−(1 + γ(p + 1)/2)Φ) multiplying the ⊥ M N ∇ M ∂ N Φ term, which after expanding results in the above relative coefficient.
If one now computes the total amplitude for dilaton scattering off the brane to quadratic order in momenta (consisting of only the s-channel and contact term contributions), one finds that γ 1 remains a free parameter. In order to fix this freedom one must compute the amplitude for converting a graviton into a dilaton. The string amplitude again follows from (2.5) by substitution of the appropriate polarization tensors. The corresponding computation on the low-energy effective action side reveals that no additional terms on top of those already added in the previous section must be added to account for the string amplitude at O(α ′ ). In particular the argument in the previous paragraph fixing the overall dilaton dependence of the brane action predicts the necessary (though not sufficient) Φ − H M N coupling from the induced Ricci scalar term found in the last section to correctly reproduce the string amplitude. In particular this result tells us that γ 1 = 0. The remaining γ i coefficients are then fixed to be
The analysis for the antisymmetric tensor is similar to that of the graviton so we shall skip the details and highlight the main points of the O(α ′ ) calculation. The field theory amplitude for scattering the antisymmetric tensor off a Dp-brane again contains a t-channel contribution. At O(α ′ ) the relevant bulk 3-point vertex arises from the following term worked out in [11] ,
The Born-Infeld action by itself makes no other contributions to the scattering amplitude at this order, so as before we must add terms to the brane action which are either linear in B M N and quadratic in derivatives, or quadratic both in derivatives and in B M N . The possible terms are
Working through the details of computing the s-channel and contact term contributions and comparing to the string amplitude results in the coefficients
while ρ 5 cannot be determined at this order because it gives vanishing contribution to this particular scattering amplitude.
Field redefinition ambiguities
We have mentioned in passing in the previous sections that the low energy effective action is ambiguous due to the freedom of making local field redefinitions [9, 11, 10] . Namely local field redefinitions that preserve the required symmetries of the action and that do not change the pole structure, leave the S-matrix invariant. We would now like to investigate to what extent the results we have obtained for the O(α ′ ) terms in the brane action are fixed independently of field redefinitions.
The most general local field redefinition of the massless closed string fields that preserves diffeomorphism invariance and the property that the dilaton cannot appear undifferentiated in the action (except in the argument of an overall exponential) is given by [11] 
where γ = −4/(D − 2). Such a field redefinition was already used to fix coefficients of some of the terms in the bulk action [9, 11] . A different choice of these coefficients would in general change the t-channel contribution to the amplitudes computed previously, and therefore the coefficients of the brane terms that we have added. To see exactly which brane action terms are affected by these field redefinitions we need only vary the brane action with respect to (4.1). One sees immediately that the Born-Infeld part of the action will be unaffected as it is O((α ′ ) 0 ) in the closed string fields while the field redefinitions (4.1) are O(α ′ ). Variation of the Born-Infeld action with respect to the field redefinitions (4.1) however will give to rise to changes in the O(α ′ ) terms computed in the previous sections.
As a specific example, the gravitational terms that are produced from varying the Born-Infeld are
after some rewriting. The first point to note is that only two of the three coefficients b 1 , b 3 , and c 1 are independent. This means that only two of the five possible terms that we considered in (3.15) can be set to zero by a field redefinition. In the 'scheme' in which we have used so far we have set the coefficients of the ⊥ M N R M N and ⊥ M N ⊥ P Q R M P N Q terms to zero.
In an analogous way one can show that all the O(α ′ ) terms in the dilaton considered in (3.19) can be removed by a field redefinition. The necessary field redefinition however would introduce p (one less the brane dimension) dependence into the bulk action. Such a dependence would be a bit strange as we have no reason to expect any particular p to appear. Furthermore if we have two or more branes with at least two different brane dimensions, then one could simultaneously remove the O(α ′ ) terms for only those branes of a fixed dimension, and not the others.
The same type of analysis for the antisymmetric tensor shows that of the four coefficients b 6 , b 7 , c 4 , and d 1 , only three are independent. In fact d 1 corresponds to changing the value of ρ 5 which we were unable to fix from our analysis. Two of the remaining coefficients can then be used to remove two more O(α ′ ) terms in (3.22).
Scattering of brane-localized fields and the Einstein-Hilbert term
The Einstein term and the extrinsic curvature terms in (3.15) on the brane were derived by analyzing the scattering of gravitons off the brane. They also affect the scattering of particles living on the brane. We may consider, for example, the 2 → 2 scattering of scalars X i associated to the transverse fluctuations. For such a scattering process, a similar analysis to the one of previous sections, can be performed. There is a string answer, which can be computed in string perturbation theory. The leading answer comes from a disc diagram with four open string vertex operators. The next diagram is a cylinder with the same vertex operators. The amplitude can be compared to field theory with a brane action coupled to the bulk action. Further interactions in the brane action can be deduced by requiring agreement with the string S-matrix.
Consider the scattering of X(k 1 )X(k 2 )X(k 3 )X(k 4 ) , with 1 and 2 being the incoming particles, and 3 and 4 being the outgoing particles. The leading t-channel diagram involves exchange of a graviton which propagates in the bulk. There are corrections to the XXh vertex coming from the new gravitational terms we have derived. These corrections affect the leading order in g s amplitude, but at higher orders in momenta. The new terms also affect the next to leading order in the string expansion, by changing the propagator. It is instructive to consider the form of this correction to the four point amplitude.
The leading contribution in the t-channel gives
The momenta k i have components parallel to the brane only, and P is a polarization dependent factor. The momenta k i satisfy the on-shell condition k The next order contribution is of the form :
The power of l s is easily understood from dimensional analysis. Performing the integral over the transverse momenta, we get a correction which behaves lie q 2D−2p−2 . A spatial Fourier transform gives a potential g s l
In the case D = 5, p = 3, this form was derived as a limit of an exact propagator in [3] .
The terms in ( of the bulk fields will be functions of the open string tachyon. For example, at lowest order in derivatives, the Einstein term on the brane is multiplied by a function f (T 0 ). We have determined, in an expansion in powers of T 0 , the leading term in f (T 0 )R √ g.
Higher terms can be determined by further comparison of S-Matrix calculations and brane action. One general property of functions like f (T 0 ) follows immediately from Sen's conjectures [5] . According to these conjectures, the minimum of the tachyon potential describes the vacuum configuration without the brane. The absence of the brane implies that all brane localized couplings should vanish at the minimum of the potential. For example. the value of f when T 0 is at the minimum of the open string tachyon potential should be zero. A simple way to ensure this would be to have all the brane-localized terms to be multiplied by the one function which is known to have this property, namely the tachyon potential itself. Another possibility is to have these functions be polynomials in the potential. We hope to report on further S-matrix calculations exploring these possibilities in the near future.
which is known as the first fundamental tensor. Furthermore one can define the projection operator onto the vector space normal to Σ by
It follows trivially that any normal to Σ, n M say, satisfies ⊥ M N n N = n M . In particular this allows one to show that ⊥ M N may be expanded as 4) for any orthonormal basis n M i of normal vectors to Σ. In the so-called static gauge, ie., coordinates in which Σ can be parametrized locally as X a = σ a , X i = X i (σ a ), the induced metric takes the form (3.7) when the metric is expanded about a flat background as G M N = η M N + 2κH M N . Inserting this expansion into the definition of ⊥ M N one arrives at 5) for the expansion of ⊥ M N to linear order in fluctuations. The remaining geometrical quantity that we need to introduce here is the second fundamental form. Following [14] we define it 5 through the decomposition Working in static gauge and expanding about the Minkowski metric produces the expansion
Our form of the second fundamental form is related to that in [13] by
